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Phenomena induced by the existence of entanglement, such as nonlocal correlations, exhibit char-
acteristic properties of quantum mechanics distinguishing from classical theories. When entangle-
ment is accompanied by classical communication, it enhances the power of quantum operations
jointly performed by two spatially separated parties. Such a power has been analyzed by the gap
between the performances of joint quantum operations implementable by local operations at each
party connected by classical communication with and without the assistance of entanglement. In
this work, we present a new formulation for joint quantum operations connected by classical commu-
nication beyond special relativistic causal order but without entanglement and still within quantum
mechanics. Using the formulation, we show that entanglement assisting classical communication
necessary for implementing a class of joint quantum operations called separable operations can be
interpreted to simulate “classical communication” not respecting causal order. Our results reveal a
new counter-intuitive aspect of entanglement related to spacetime.
I. INTRODUCTION
Entanglement induces many counter-intuitive phenom-
ena that cannot be described by classical physics, such
as the existence of the nonlocal correlations formulated
by Bell and CHSH [1], where entanglement can be inter-
preted to enhance correlation in space. However, such
correlations produced by entanglement cannot be used
for superluminal communication between two parties [2].
For communication, two parties have to be within a dis-
tance across which light can travel, namely, timelike sep-
arated in both quantum and classical cases.
The power of entanglement in relation to time also
arises when it is accompanied by classical communica-
tion. Quantum teleportation [3], a protocol for trans-
mitting quantum information from a party (sender)
to another timelike separated party (receiver) by us-
ing shared entanglement and classical communication
from the sender to the receiver, is one example. Al-
though quantum communication or quantum communi-
cation from a mediating third party to two parties is
necessary to share a fixed entangled state, this event can
be accomplished before the event where the sender de-
cides what quantum information to send. In contrast,
the event of the decision should be made before the event
of quantum communication in direct quantum commu-
nication. Thus we can slightly “dodge” the time-line of
the event of quantum communication when entanglement
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and classical communication are used for transmitting
quantum information.
In this paper, we show a new aspect of a power of
entanglement accompanied by classical communication.
We consider a class of joint quantum operations of two
parties not sharing entanglement but communicating by
fictatious “classical communication” without predefined
causal order. We show that the class coincides with a well
known subclass of joint quantum operations of two par-
ties sharing entanglement and communicating by (nor-
mal) classical communication. This can be interpreted as
a new counter-intuitive effect of entanglement shared be-
tween the parties assisting classical communication that
simulates the “classical communication” without prede-
fined causal order.
We define “classical communication” without prede-
fined causal order by extending the formulation of a
special class of deterministic joint quantum operations
implementable without entanglement between the par-
ties called local operations and classical communication
(LOCC) [4–7], which is widely used in the field of quan-
tum information for investigating entanglement and non-
local properties. In LOCC, each party performs quan-
tum operations and quantum operations are connected
by communication channels. Each quantum operation is
well localized in a spacetime coordinate, and thus called
a local operation. We can define the partial order of the
spacetime coordinates of the local operations following
special relativity, which is referred to as causal order [8–
10]. Following the causal order, local operations per-
formed by different parties can be connected by classi-
cal communication, whereas local operations within each
party can be connected by quantum communication.
In an attempt to merge quantum mechanics and gen-
2eral relativity, however, the existence of the causal order
of local operations in spacetime may not be a fundamen-
tal requirement of nature. It has been recently shown
that interesting phenomena arise if the partial order of
local operations constituting joint quantum operations
is not predefined [8–10]. Alternative representations of
communication that are not based on predefined causal
order have been proposed [8, 11].
We extend LOCC in such a way that we include joint
quantum operations between two parties implemented
without shared entanglement but with “classical com-
munication” without predefined causal order denoted by
CC* connecting local operations performed by different
parties. We name a new class of deterministic joint
quantum operations obtained by this extension but still
within quantum mechanics as LOCC*. First, we show
that LOCC* with CC* respecting causal order is reduced
to LOCC. Second, we show that LOCC* can be repre-
sented by the ∞-shaped loop shown in Fig.3. We also
show that it is equivalent to a certain class of determin-
istic joint quantum operations known as separable op-
erations [12, 13], which has been introduced for mathe-
matical simplicity to analyze nonlocal quantum tasks in
place of LOCC. Third, by considering the correspondence
between LOCC* and a probabilistic version of LOCC
called stochastic LOCC, we analyze the power of CC* in
terms of enhancing the success probability of probabilis-
tic operations in stochastic LOCC. We also investigate
the relationship between LOCC* and the process matrix
formalism for joint quantum operations without prede-
fined causal order developed in [8]. Note that CC* does
not contain classical communication to the past that is
inconsistent with local operations in LOCC*.
Similar to LOCC, separable operations cannot create
entanglement between two parties initially sharing no en-
tanglement. However, some separable operations are not
implementable by LOCC [13–16]. Moreover, there ex-
ists a separable operation not implementable by LOCC
even when infinitely many rounds of classical commu-
nications are allowed [7]. Since any deterministic joint
quantum operations can be implemented by two parties
initially sharing entanglement and performing an LOCC
protocol, shared entanglement is necessary to implement
non-LOCC separable operations. On the other hand, the
“classical communication” not respecting causal order is
necessary to implement the non-LOCC separable oper-
ations without the help of entanglement. Combining
these two facts, we see that an operational interpreta-
tion of separable operations in terms of CC* is given.
This interpretation suggests that for implementing non-
LOCC separable operations, entanglement assisted clas-
sical communication (respecting causal order) simulates
“classical communication” not respecting causal order.
This paper is organized as follows: In Section II, we
first review the formulation of LOCC and then extend
it for introducing and defining LOCC* and CC*. We
also show that LOCC* can be represented by the ∞-
shaped loop. In Section III, we construct an example of
LOCC* not in LOCC and show that LOCC* is equivalent
to the class of separable operations. In Section IV, we
present the relationship between LOCC* and stochastic
LOCC. In Section V, we investigate the relationship be-
tween LOCC* and the process matrix. The last section
is devoted to conclusion.
II. FORMULATION OF LOCC*
To introduce LOCC*, we first review the formulation
of quantum operations and LOCC. In this paper, we con-
sider only finite dimensional quantum systems. A quan-
tum operation is the most general map transforming an
input to an output. We can consider both quantum states
and classical bits as either the input or output of a quan-
tum operation. The most general quantum operation de-
scribes a probabilistic situation where a transformation
depending on a classical input is applied to an arbitrary
quantum state and then a classical output and a quan-
tum output are probabilistically obtained. The proba-
bilistic transformation can be interpreted as a quantum
measurement, and the classical output corresponds to the
outcome of the measurement. A deterministic quantum
operation can be understood as a special case of a general
quantum operation, which only takes the quantum out-
put. We can also obtain a deterministic quantum opera-
tion from a probabilistic quantum operation by averaging
over all possible probabilistic quantum transformations
with a weight determined by the probability of the clas-
sical output. This averaging process can be considered
as discarding information regarding the classical output.
Mathematically, a general quantum operation can be
represented by a quantum instrument conditioned by a
classical input i, which is described by a family of linear
maps {Mo|i}o that transforms a quantum input state ρ
to a quantum output state given byMo|i(ρ)/p(o|i) asso-
ciated with a classical output o (o = 1, 2, · · · , n) with a
conditional probability distribution p(o|i) = tr[Mo|i(ρ)].
Each element of the instrument Mo|i has to be a com-
pletely positive (CP) map to describe quantum operations
allowed in quantum mechanics. The CP property of the
map is required to enable a quantum operation to be
performed only on a subsystem of a composite system
while keeping the total state of the composite system
a valid quantum state. Since the average of all trans-
formations
∑
o p(o|i) · Mo|i/p(o|i) =
∑
oMo|i describes
a deterministic quantum operation, it has to be a trace
preserving (TP) map, that is the probability of obtain-
ing the quantum output of the averaged map is given
by tr
[∑
oMo|i(ρ)
]
= tr [ρ] = 1. A quantum operation
without classical input is a quantum instrument denoted
by {Mo}o. Note that the subscripts of a family repre-
sent classical outputs, over which sum of elements in the
family is a CPTP map. A quantum operation without
classical output is a quantum instrument whose element
is a CPTP map, and it is denoted simply by M|i or
M (instead of {M|i} or {M}). Graphical representa-
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FIG. 1. Graphical representations of four types of quantum
operations, {Mo|i}o, {Mo}o,M|i andM. A box represents a
quantum operation. The upper terminals of a box represent
inputs and the lower ones represent outputs. Dotted lines
represent classical input or classical output and solid lines
represent quantum one. (a) Probabilistic operations have a
classical output corresponding to the outcome of the measure-
ment. (b) Deterministic operations do not provide a classical
output.
tions of these four types of quantum operations ({Mo|i}o,
{Mo}o, M|i and M) are given in Fig.1.
We consider a deterministic joint quantum operation
(a CPTP map) taking only the quantum input and out-
put denoted by M implemented by two parties, Alice
and Bob, who are connected only by classical communi-
cation. We set Alice to perform the first operation. As
the simplest case, we consider linking a classical output
o of Alice’s local operation represented by {Ao}o and a
classical input i of Bob’s local operation represented by
B|i. Since Alice and Bob are acting on different quan-
tum systems at different spacetime coordinates, the joint
quantum operation is described by a tensor product of
two local operations. The classical communication abil-
ity indicates that the spacetime coordinate of Alice’s local
operation and that of Bob’s local operation are timelike
separated, and Bob’s coordinate is in the future cone of
Alice’s coordinate. Linking the classical output of Alice
o and the classical input of Bob i means that they are
perfectly correlated, namely setting i = o for all o. By
taking averages over o and i, we obtain a deterministic
joint quantum operation given by
M =
∑
o,i
δi,oAo ⊗ B|i =
∑
o
Ao ⊗ B|o, (1)
where δo,i denotes the Kronecker delta. This is the sim-
plest case of LOCC, which is called one-way LOCC.
A deterministic joint operation represented by more
general finite-round LOCC between two parties is defined
by connecting a sequence of Alice’s local operations given
by {A(N)
oN |iN
◦ · · · ◦ A(1)o1 }oN ,··· ,o1 and a sequence of Bob’s
local operations given by {B(N)
o′N |i
′
N
◦ · · · ◦ B(1)
o′1|i
′
1
}o′
N
,··· ,o′1
.
Here ◦ denotes a connection between two local operations
at timelike separated coordinates linking the quantum
output of a local operation and the quantum input of the
next local operation of the same party and introduces a
total order for each party’s local operations. The indices
ik and i
′
k are classical inputs of the k-th operations and
ok and o
′
k are classical outputs of the k-th operations of
Time
Space
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FIG. 2. Joint quantum operations of two parties, Alice and
Bob, consisting of local operations. Dotted arrows represent
classical communication between local operations and solid
arrows represent quantum communications between local op-
erations. In an LOCC protocol, local operations are totally
ordered. Local operations performed by different parties are
connected only by classical communication, whereas local op-
erations within each party are connected by quantum com-
munication.
Alice and Bob, respectively.
In LOCC, the local operations within the parties are
totally ordered, and the spacetime coordinates of all the
local operations of Alice and Bob are totally ordered al-
ternately. Then o1 of Alice’s local operation and i
′
1 of
Bob’s local operation are linked by classical communica-
tion and setting i′1 = o1, and similarly, o
′
1 of Bob’s local
operation and i2 of Alice’s local operation are linked by
setting i2 = o
′
1 and so on. Thus, finite-round LOCC be-
tween the two parties is defined by a set of deterministic
joint quantum operations represented by
M =
∑
i1,··· ,i′N ,o1,··· ,o
′
N
δoN ,i′N · · · δo1,i′1δi1,1
A(N)
oN |iN
◦ · · · ◦ A(1)
o1|i1
⊗ B(N)
o′
N
|i′
N
◦ · · · ◦ B(1)
o′1|i
′
1
(2)
=
∑
A(N)
oN |iN
◦ · · · ◦ A(1)
o1|1
⊗ B(N)
o′
N
|oN
◦ · · · ◦ B(1)
i2|o1
(3)
where we define A(1)
o1|1
:= A(1)o1 . An example for N = 3 is
shown in Fig.2.
Now we develop a framework to investigate local oper-
ations and classical communication between the parties
without the assumption of the existence of the predefined
ordering of the spacetime coordinates. That is, we keep
the local spacetime coordinates and the totally ordered
structure of the local operations within each party but
we do not assign the global spacetime coordinate across
the parties. Moreover, we allow the connection of any
classical inputs and outputs of local operations between
4different parties as long as the resulting deterministic
joint quantum operation falls within the scope of quan-
tum mechanics. This relaxation allows the generalization
of classical communication to a conditional probability
distribution p(i1, · · · , i′N |o1, · · · , o′N ) linking the classical
outputs and classical inputs of local operations. The cor-
responding joint quantum operation is represented by
M =
∑
i1,··· ,i′N ,o1,··· ,o
′
N
p(i1, · · · , i′N |o1, · · · , o′N )
A(N)
oN |iN
◦ · · · ◦ A(1)
o1|i1
⊗ B(N)
o′N |i
′
N
◦ · · · ◦ B(1)
o′1|i
′
1
. (4)
This generalization does not guarantee that the joint
quantum operation represented by Eq. (4) is TP whereas
its CP property is preserved. Since we are investigat-
ing deterministic joint quantum operations, we require
p(i1, · · · , i′N |o1, · · · , o′N ) to keep the form of Eq. (4) to
represent a CPTP map. We refer to a set of CPTP maps
in the form of Eq. (4) with p(i1, · · · , i′N |o1, · · · , o′N ) as
LOCC*.
For one-way LOCC, such a generalization corresponds
to replacing the delta function δo,i in Eq. (2) with a condi-
tional probability distribution p(i|o). This is equivalent
to replacing a perfect classical channel with a general
noisy classical channel. However, this is not the case
for multiple-round LOCC. As the first result, we show
that a joint quantum operation is in LOCC if and only
if it can be decomposed in the form of Eq. (4) with
p(i1, · · · , i′N |o1, · · · , o′N ) respecting the causal order of
the classical inputs and outputs of local operations im-
posed by special relativity, namely, the causal order de-
termined by the partial order structure of the spacetime
where local operations are performed. Rigorous defini-
tions and the proof are given in Appendix A.
It is easy to check that without loss of generality,
any operations in LOCC* can be implemented by just
one quantum operation performed by each party con-
nected by a conditional probability distribution, since by
letting oA := (o1, · · · , oN ), iA := (i1, · · · , iN), oB :=
(o′1, · · · , o′N ) and iB := (i′1, · · · , i′N ), we can regard
the sequence of Alice’s local operations {A(N)
oN |iN
◦ · · · ◦
A(1)
o1|i1
}oN ,··· ,o1 as one quantum instrument {AoA|iA}oA
conditioned by the classical input iA, as with Bob’s lo-
cal operations and p(iA, iB|oA, oB) is still a conditional
probability distribution.
Thus, LOCC* is simply defined by a set of CPTP maps
M given in the form of
M =
∑
iA,iB ,oA,oB
p(iA, iB|oA, oB)AoA|iA ⊗ BoB |iB , (5)
where p(iA, iB|oA, oB) is a conditional probability dis-
tribution, {AoA|iA}oA is Alice’s quantum operation with
a classical input iA and a classical output oA, and
{BoB|iB}oB is Bob’s quantum operation with a classical
input iB and a classical output oB . Note that the quan-
tum operation performed by each party is not necessary
Alice Bob
input input
output output
Aa|b Bb|a
FIG. 3. A deterministic joint quantum operation consisting
of local operations connected by the ∞-shaped loop. Any
element of LOCC* can be represented by this joint quantum
operation and vice versa.
to be localized in a spacetime coordinate, however, we re-
fer to them as local operations to distinguish them from
a joint operation. We refer to p(iA, iB|oA, oB) keeping
the form of Eq. (5) to be a CPTP map as CC*, namely
“classical communication” without predefined causal or-
der, with respect to local operations {AoA|iA}oA and
{BoB|iB}oB . Note that we can also “collapse” the sequen-
tial local operations in multi-round LOCC to represent
a joint quantum operation in the form of Eq. (5). How-
ever, in this case if we regard the combined operations
{AoA|iA}oA and {BoB|iB}oB as operations localized in the
spacetime, the corresponding p(iA, iB|oA, oB) cannot be
interpreted as classical communication respecting causal
order.
As the second result, LOCC* can always be repre-
sented by a ∞-shaped loop as shown in Fig.3. Namely,
we can show the following theorem.
Theorem 1. M is LOCC* if and only if M is a CPTP
map and can be decomposed into the form of
M =
∑
a,b
Aa|b ⊗ Bb|a, (6)
where {Aa|b}a and {Bb|a}b are local operations performed
by Alice and Bob, respectively.
Proof. It is easy to see that if p(iA, iB|oA, oB) =
δiA,oBδiB ,oA , LOCC* defined by Eq. (5) reduces to
Eq. (6). To show the converse, let the local operations of
Alice and Bob be
A˜iB ,x|oA,oB :=
∑
iA
p(iA, iB|oA, oB)Ax|iA (7)
B˜oA,oB|iB ,x := δx,oABoB |iB , (8)
by introducing a new index x. Since a convex combina-
tion of TP maps is also a TP map, {A˜iB ,x|oA,oB}iB ,x and
{B˜oA,oB|iB ,x}oA,oB are quantum instruments. Introduc-
ing new classical indices a := (iB, x) and b := (oA, oB),
5anyM in the form of Eq. (5) has a decomposition in the
form of
M =
∑
a,b
A˜a|b ⊗ B˜b|a, (9)
which is the form given by Eq. (6).
From this form of LOCC*, it is possible to interpret
that CC* in LOCC* can be looped, namely, Alice’s clas-
sical input is Bob’s classical output and Bob’s classical
input is Alice’s classical output.
III. LOCC* AND SEP
We show that LOCC* provides an operational inter-
pretation of a set of separable operations (denoted by
SEP) by proving that LOCC* is equivalent to SEP. We
start by investigating inclusion relations between LOCC
and LOCC*. It is easy to verify that LOCC is a sub-
set of LOCC* from the definition of LOCC*. We show
that LOCC* is strictly larger than LOCC by constructing
the following example based on nine-state discrimination
[13].
Example: Reference [13] considers the task of distin-
guishing a set of nine mutually orthogonal product states
of two three-level systems shared between Alice and Bob
given by∣∣ψ1(2)〉AB =∣∣0〉A∣∣0± 1〉B, ∣∣ψ3(4)〉AB =∣∣0± 1〉A∣∣2〉B,∣∣ψ5(6)〉AB =∣∣2〉A∣∣1± 2〉B, ∣∣ψ7(8)〉AB =∣∣1± 2〉A∣∣0〉B,∣∣ψ9〉AB =∣∣1〉A∣∣1〉B, (10)
where {|j〉}2j=0 is the computational basis of a three-level
system, |a± b〉 := (|a〉 ± |b〉)/√2, indices A and B repre-
sent Alice’s share and Bob’s share of the states, respec-
tively. It has been shown that a state guaranteed to be
one of the set of nine states is not deterministically and
perfectly distinguishable from other states by any proto-
col described by a map in LOCC followed by local mea-
surements [13]. We show that the the nine-state can be
deterministically and perfectly distinguishable by using a
map in LOCC* followed by local measurements by pre-
senting constructions of Alice’s local operation {Aa|b}a
and Bob’s local operation {Bb|a}b in the form of Eq. (6).
The constructions of {Aa|b}a and {Bb|a}b in Kraus op-
erator representations are given in Table I. It is easy to
check that for any |ψk〉 ∈ {|ψi〉}9i=1, the correspondingM
in LOCC* with the constructions of the local operations
transforms |ψk〉〈ψk| into∑
a,b
Aa|b ⊗ Bb|a(|ψk〉〈ψk|) = |k〉A′〈k| ⊗ |k〉B′〈k| (11)
where indices A′ and B′ denote nine-dimensional output
systems for Alice and Bob. Once Alice and Bob obtain
the output state |k〉A′〈k| ⊗ |k〉B′〈k|, they can determine
❅
❅a
b
1 2 3
1 |1〉A′ 〈0|A |2〉A′〈0|A |3〉A′〈0 + 1|A
2 |8〉A′ 〈1− 2|A |9〉A′〈1|A |4〉A′〈0− 1|A
3 |7〉A′ 〈1 + 2|A |6〉A′〈2|A |5〉A′〈2|A
❅
❅a
b
1 2 3
1 |1〉B′ 〈0 + 1|B |2〉B′ 〈0− 1|B |3〉B′〈2|B
2 |8〉B′ 〈0|B |9〉B′ 〈1|B |4〉B′〈2|B
3 |7〉B′ 〈0|B |6〉B′ 〈1− 2|B |5〉B′〈1 + 2|B
TABLE I. Tables of the Kraus operators K
(A)
a|b of Alice’s lo-
cal operations {Aa|b}a in the upper table and K
(B)
b|a of Bob’s
local operation {Bb|a}b in the lower table. In the Kraus opera-
tor representation, the deterministic joint quantum operation
M =
∑
a,bAa|b⊗Bb|a transforms any quantum input ρAB on
systems A and B into a quantum output on systems A′ and B′
as ρ′A′B′ =M(ρAB) =
∑
a,b
(K
(A)
a|b ⊗K
(B)
b|a )ρAB(K
(A)
a|b ⊗K
(B)
b|a )
†
where
∑
a(K
(A)
a|b )
†K
(A)
a|b = IA for any b and
∑
b(K
(B)
b|a )
†K
(B)
b|a =
IB for any a with identity operators IA and IB on system A
and B, respectively.
LOCC*=SEP
LOCC
CPTP
FIG. 4. The inclusion relation between the classes of deter-
ministic joint quantum operations CPTP, SEP, LOCC*, and
LOCC. LOCC* is equivalent to the set of separable opera-
tions (SEP). LOCC is strictly smaller than SEP. LOCC* is
strictly smaller than the set of CPTP.
the classical output k by individually performing projec-
tive measurements in the basis given by {|j〉}9j=1. Note
that the nine states can be probabilistically distinguished
without error by a stochastic LOCC (SLOCC) protocol,
which indicates that LOCC* is also closely related to
SLOCC as shown later.
We can further show that LOCC* is equivalent to SEP
as summarized in Fig. 4. SEP is a set of maps represent-
ing deterministic joint quantum operations M that can
be written as
M =
K∑
k=1
EAk ⊗ EBk , (12)
6where each elements of a quantum operation {EAk ⊗EBk }k
is the tensor product of two completely positive maps EAk
and EBk performed by Alice and Bob, respectively. The
set of nine states can be deterministically and perfectly
distinguished by using a map in SEP whose Kraus op-
erator representation is given by {|k〉A′ ⊗ |k〉B′〈ψk|AB}
followed by local projective measurements in the basis
given by {|k〉}9k=1. By definition, a map in SEP can-
not transform any separable states into entangled states
[4, 5]. Therefore, SEP does not have the power to create
entanglement between two parties if the quantum input
is not entangled. The class SEP includes the class LOCC
[7]. Due to the mathematical simplicity of its structure,
the class SEP is often used for proving that a quantum
task is not implementable by LOCC protocols by show-
ing that the task is not implementable even by using a
stronger class of operations, SEP. However, its opera-
tional meaning has not been clear.
Theorem 2. LOCC*=SEP
Proof. It is easy to see that LOCC* is a subset of SEP
from the form of Eq. (6), since both Aa|b and Bb|a are
completely positive, so we can always transform a map
in LOCC* into the form of (12). To prove that SEP is
a subset of LOCC*, we first define a completely positive
and trace decreasing (CPTD) map. A linear map M is
CPTD if and only if M is CP and
tr [M(ρ)] ≤ tr [ρ] = 1 (13)
for all quantum state ρ. In Eq. (12), we can assume that
each EAk and EBk is a CPTD map in general. For any
CPTD map M, we can find a complementary CPTD
map M such that M +M is a CPTP map. By using
these facts, we present the construction of local operators
for LOCC*.
Ak|k = EAk for 1 ≤ k ≤ K (14)
Bk|k = EBk for 1 ≤ k ≤ K (15)
AK+1|k = EAk for 1 ≤ k ≤ K (16)
BK+1|k = EBk for 1 ≤ k ≤ K (17)
AK+1|K+1 = AK+2|K+2 =MA (18)
BK+1|K+2 = BK+2|K+1 =MB (19)
Aa|b = 0 else, (20)
Bb|a = 0 else, (21)
whereMA andMB are arbitrary CPTP maps performed
by Alice and Bob, respectively. When the summations
of the local operators are taken to form an element of
LOCC* as in Eq. (6), the indices a and b run from 1 to
K + 2.
Note that the LOCC* map obtained in the proof is
different from the simpler LOCC* map given in Table I
for nine-state discrimination.
Since any deterministic joint quantum operations
can be implemented by entanglement assisted LOCC,
LOCC* can be implemented by entanglement assisted
(normal) classical communication respecting causal or-
der. Combining the results shown in this part, we see
that an operational interpretation of SEP in terms of
CC* is given. This interpretation suggests that for im-
plementing maps in SEP but not in LOCC, entanglement
assisted classical communication simulates a special class
of CC* not respecting causal order, namely, “classical
communication” without causal order.
IV. LOCC* AND SLOCC
In this part, we present the relationship between
LOCC* and SLOCC as the third result. SLOCC is a set
of (linear) CP maps consisting of local operations and
normal classical communication. In contrast to LOCC,
SLOCC contains CP maps representing cases where par-
ticular measurement outcomes are post-selected. Since
we use a linear map to represent SLOCC, a SLOCC
element is not always TP but can be trace decreasing
(TD) in general. We define a class of linear CP maps
called SLOCC* that can be simulated by SLOCC. That
is, SLOCC* is a set of linear CP maps satisfyingM = cΓ,
where Γ is an element of SLOCC and a non-negative con-
stant c ≥ 0. Note that SLOCC* contains not only TD
maps but also trace increasing maps. It is easy to see that
LOCC* (or SEP) is a subset of SLOCC* since any ele-
ment of LOCC* (or SEP) is implementable by SLOCC
with a constant success probability independent of in-
puts.
In the following, we show that a superset of LOCC*
where the TP condition is removed from LOCC* is equiv-
alent to SLOCC*. The formal statement is represented
as the following theorem.
Theorem 3. SLOCC* is equivalent to the set of linear
CP maps that can be decomposed into the form of Eq. (5).
Proof. By definition, SLOCC* is equivalent to the set of
linear CP maps that can be decomposed into the form of
Eq. (12). Without loss of generality, we can restrict EAk
and EBk in Eq. (12) to CPTD maps since for all linear
CP maps EAk , there is a natural number M such that
1
M
EAk is a CPTD map and M given by Eq. (12) can be
represented by
∑M
i=1
∑
k
˜EAi,k ⊗ ˜EBi,k, where ˜EAi,k = 1M EAk
and ˜EBi,k = EBk . By employing the same technique used in
the proof of Theorem 2, any element of SLOCC* can be
decomposed into the form of Eq. (6). Thus, any SLOCC*
element can be decomposed into Eq. (5).
We summarize the inclusion relation of sets of linear
CP maps as shown in Fig. 5.
Any linear CP maps that can be decomposed into
the form of Eq. (5) are simulatable by LOCC with
post-selection (SLOCC), and vice versa. A connection
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FIG. 5. The inclusion relation between the classes of linear
CP maps. LOCC* is equivalent to the set of separable maps
(SEP). LOCC is strictly smaller than SEP. SEP is strictly
smaller than the set of CPTP. The intersection of SLOCC
and the set of CPTP maps (TP SLOCC elements) is LOCC
since any TP SLOCC element can be implemented by a LOCC
protocol. The intersection of SLOCC* and the set of CPTP
maps (TP SLOCC* elements) is LOCC*. Note that SEP is
not included by SLOCC in this inclusion relation while every
map in SEP can be simulated by SLOCC. A SLOCC map
whose success probability is strictly less than 1 is defined by
a linear CPTD map and thus not included in the set of CPTP
map. The success probability of simulating maps in SEP but
not in LOCC by SLOCC is strictly less than 1.
between post-selection and the causal structure of the
spacetime has been discussed in the context of the proba-
bilistic closed time-like curve (p-CTC) in [17–19]. Our re-
sult indicates the connection between post-selection and
CC* without causal order. In standard spacetime, a map
in SEP but not in LOCC can be implemented by LOCC
assisted by entanglement. Thus we can recognize that en-
tanglement accompanied with classical communication is
used only for enhancing the success probability of a task
achievable without entanglement p < 1 to p = 1 to imple-
ment a map in SEP (=LOCC*, but not in LOCC). In this
sense, CC* without causal order can be understood as an
alternative characterization of the power of entanglement
to enhance success probability by effectively changing the
partial ordering properties of the spacetime.
V. LOCC* AND CLASSICAL PROCESS
MATRIX
We discuss the correspondences between our formalism
of LOCC* and other formalisms of quantum operations
without the assumptions of the partial order of local op-
erations, namely higher order formalisms developed by
[8, 10]. In the higher order formalisms, the effects of
quantum communication linking the local operations of
two parties are described as a map that transforms local
operations into a deterministic joint quantum operation.
The map, represented by a process matrix, is a higher or-
der map (supermap) transforming a quantum operation
to another quantum operation, whereas a (normal) map
transforms a quantum state to another quantum state.
Reference [8] derives the requirements for a process ma-
trix to be consistent with quantum mechanics but with-
out a predefined causal order of local operations. They
have shown that there are process matrices that are not
implementable by quantum communication linking par-
tially ordered local operations. These requirements for a
process matrix to be consistent with quantum mechanics
can be interpreted as a new kind of causality, which is
different from the special relativistic causality but based
only on quantum mechanics. The process matrix shows a
new possibility for increasing the speed of quantum com-
puters [20], and implementations of the process matrix
are discussed for several settings [21, 22].
A crucial difference between the higher order for-
malisms and our formalism of LOCC* is that the local
operations are linked by quantum communication in the
higher order formalisms, but we only allow classical com-
munication between the parties. To compare the two
formalisms, we consider a special type of process matrix,
called classical process matrix, where quantum communi-
cation between the parties is restricted to transmitting a
probabilistic mixture of “classical” states, namely, a set
of fixed mutually orthogonal states. In [8], it is shown
that a deterministic joint operation described by local
operations linked by a classical process matrix does not
exhibit the new causality exhibited by a (fully quantum)
process matrix. In Appendix B, we show that the deter-
ministic joint operations in this case reduce to a prob-
abilistic mixture of two types of operations in one-way
LOCC from Alice to Bob and from Bob to Alice. We de-
note a set of such deterministic joint quantum operations
as LOCC** for comparison with LOCC*.
Since LOCC** is a set of probabilistic mixtures of
one-way LOCC, LOCC* is a larger set than LOCC**.
Therefore, CC* used in implementing non-LOCC quan-
tum operations cannot be represented by a classical pro-
cess matrix linking two local operations. The gap be-
tween LOCC* and LOCC** originates from the condi-
tions imposed on local operations to restrict CC* and a
classical process matrix. CC* in LOCC* is only required
to guarantee the joint quantum operation to be deter-
ministic for some choices of local operations, whereas a
classical process matrix in LOCC** is required to guar-
antee that the joint quantum operation is determinis-
tic for arbitrary choices of local operations. Hence CC*
is less restricted than a classical process matrix. Con-
sidering that CC* is simulated by entanglement assisted
classical communication, we can conclude that entangle-
ment provides the power to waive restrictions on classical
communication linking local operations originating from
both the causality in special relativity and the restriction
for classical process matrices when it is accompanied by
classical communication.
VI. CONCLUSION
We have developed a framework to describe determin-
istic joint quantum operations of two parties where the
8parties do not share entanglement and perform local op-
erations described by normal quantum mechanics and
linked by a conditional probability distribution which
satisfies the TP property of the joint quantum opera-
tion, called classical communication without predefined
causal order (CC*). By using the framework, we have
first shown that LOCC* with CC* respecting causal or-
der is equivalent to LOCC. Second, we have shown that
LOCC* is equivalent to SEP. Third, we have shown that
non-deterministic LOCC* is equivalent to a set of joint
quantum operations that can be simulated by SLOCC
(SLOCC*). We have also shown that LOCC* contains a
set of deterministic joint quantum operations where lo-
cal operations are linked by a classical process matrix
(LOCC**). We remark that the same relation holds for
a multipartite setting. Our framework gives a new inter-
pretation of SEP and would be a new toolbox for ana-
lyzing the gap between SEP and LOCC.
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Appendix A: LOCC and CC* respecting causal
order
In Appendix A, we analyze a set of joint quantum
operations represented by Eq.(4) with CC* respecting
the causal order. We assume that the spacetime coor-
dinates of the local operations are partially ordered and
ones within each parties are totally ordered. We consider
p(i1, · · · , i′N |o1, · · · , o′N ) consistent with some partial or-
der of local operations, which is called CC* respecting
causal order. CC* respecting causal order contains noisy
classical channels (in the presence of memory) connecting
inputs and outputs of several local operations in general,
in addition to perfect classical channels connecting clas-
sical input and output of two local operations considered
in LOCC.
We show that the set of joint quantum operations with
CC* respecting the causal order is equivalent to LOCC.
Equivalently, we show that a deterministic joint quantum
operation is in LOCC if and only if it has a decomposi-
tion in Eq. (4), there is a partial order over local quantum
operations, and p (i1, · · · , i′N |o1, · · · , o′N ) in Eq. (4) satis-
fies the no-signaling condition with respect to the partial
order. This property of deterministic joint quantum op-
erations in the form of Eq. (4) suggests that LOCC is a
set of all possible deterministic joint quantum operations
implementable by local operations and classical commu-
nication respecting causal order.
In the next subsection, we give a formal definition
of CC* respecting the causal order in terms of the no-
signaling condition. Then, in the last subsection, we give
a proof for our proposition.
1. CC* respecting causal order
Suppose there is a strict partial order “≺” on the set of
local operations {A(k)
ok|ik
}Nk=1∪{B(k)ok|ik}Nk=1, where “strict”
means that neither A(k)
ok|ik
≺ A(k)
ok|ik
nor B(k)
ok|ik
≺ B(k)
ok|ik
holds. We assume that the order of local operations in
each laboratory is fixed and the local operations are per-
formed in the increasing order of k, which is the assump-
tion of local temporal ordering introduced in the main
text.
We consider that this partial order ≺ represents the
causal order of the spacetime coordinates of local oper-
ations. For example, A(k)
ok|ik
≺ B(l)
o′
l
|i′
l
means that B(l)
o′
l
|i′
l
is performed after A(k)
ok|ik
had been performed. Neither
A(k)
ok|ik
≺ B(l)
o′
l
|i′
l
nor B(l)
o′
l
|i′
l
≺ A(k)
ok|ik
holds if the space-
time coordinates of A(k)
ok|ik
and B(l)
o′
l
|i′
l
are spacelike sepa-
rated. Due to the assumption of local temporal ordering,
A(k+1)
ok+1|ik+1
is performed after A(k)
ok|ik
, thus “≺” satisfies
A(k)
ok|ik
≺ A(k+1)
ok+1|ik+1
for all k = 1, · · · , N − 1. Similarly, it
satisfies B(k)
o′
k
|i′
k
≺ B(k+1)
o′
k+1|i
′
k+1
for all k = 1, · · · , N − 1.
We define a set past(I) representing a set of all “past”
outputs for a set of inputs I, where I is a subset of
{ik}Nk=1∪{i′k}Nk=1. Formally, by introducing a set of local
operations Op (I) corresponding to I as
Op (I) :=
{
A(k)
ok|ik
|ik ∈ I
}
∪
{
B(k)
o′
k
|i′
k
|i′k ∈ I
}
, (A1)
past(I) is defined as
past (I) := {ok|∃χ ∈ Op (I) ,A(k)ok|ik ≺ χ}
∪ {o′k|∃χ ∈ Op (I) ,B(k)o′
k
|i′
k
≺ χ}, (A2)
where χ represents any element of Op (I), that is, there
is l such that χ = A(l)
ol|il
or χ = B(l)
o′
l
|i′
l
. Note that ok is
not in past ({ik}) by definition.
Next we define CC* respecting the causal or-
der. The conditional probability distribution
p (i1, · · · , i′N |o1, · · · , o′N ) in Eq. (4) is said to be
CC* respecting causal order if there is a partial order ≺
on the set of local operations {A(k)
ok|ik
}Nk=1 ∪ {B(k)ok|ik}Nk=1
satisfying the following conditions:
• For all k, A(k)
ok|ik
≺ A(k+1)
ok+1|ik+1
and B(k)
o′
k
|i′
k
≺
B(k+1)
o′
k+1|i
′
k+1
.
9• For all k and l,
p (i1, · · · , ik, i′1, · · · i′l|o1, · · · , oN , o′1, · · · , o′N )
= p
(
i1, · · · , ik, i′1, · · · i′l|past
({ia}ka=1 ∪ {i′b}lb=1)) ,
(A3)
where
p (i1, · · · , ik, i′1, · · · i′l|o1, · · · , oN , o′1, · · · , o′N )
=
∑
ik+1,···iN
i′l+1···i
′
N
p (i1, · · · , iN , i′1, · · · i′N |o1, · · · , oN , o′1, · · · , o′N ) .
(A4)
Hence the conditional probability distribution in
Eq. (A3) can be regarded as a classical channel satisfying
the no-signaling condition among multiple spacetime co-
ordinates, namely, outputs of the classical channel never
depend on inputs that are not in the past of the outputs.
Note that an input ik for a local operation A(k)ok|ik is an
output of the classical channel.
2. A necessary and sufficient condition for LOCC*
to be LOCC
We present the main proposition regarding the rela-
tionship between LOCC and causal order.
Proposition 1. A deterministic joint quantum opera-
tion is in LOCC, if and only if it has a decomposition
in the form of Eq. (4) with p (i1, · · · , i′N |o1, · · · , o′N ) re-
specting causal order.
From the proposition, we immediately derive the fol-
lowing corollary about LOCC*.
Corollary 1. A deterministic joint quantum opera-
tion is in LOCC* and not in LOCC, if and only if
it has a decomposition in the form of Eq. (4) with
p (i1, · · · , i′N |o1, · · · , o′N ) and for all such decompositions,
p (i1, · · · , i′N |o1, · · · , o′N ) does not respect causal order.
Since the proposition is a necessary and sufficient con-
dition for LOCC, it gives a new characterization of LOCC
in terms of p (i1, · · · , i′N |o1, · · · , o′N ) and similarly, the
corollary gives a new characterization of a deterministic
joint quantum operation in LOCC* and not in LOCC,
which is nothing but a non-LOCC separable quantum
operation, in terms of causal order.
Proof
We provide a proof of the main proposition in the
remaining part of Appendix A. Since the conventional
definition of LOCC in Eq. (2) using the totally or-
dered local operations immediately gives a decomposi-
tion with p (i1, · · · , i′N |o1, · · · , o′N ) respecting causal or-
der, the “only if” part is trivial. Hence we concentrate
on proving the “if” part of the proposition.
This proof consists of two steps. In the first step,
we show that for given local operations {A(k)
ok|ik
}Nk=1 ∪
{B(k)
ok|ik
}Nk=1 and p (i1, · · · , i′N |o1, · · · , o′N ) respecting
causal order, representing a deterministic joint quan-
tum operation given by Eq. (4), it is always possi-
ble to construct sets of totally ordered local operations{
C(k)
Of(k,0)|Jf(k,0)
}N
k=1
and
{
D(k)
Of(k,1)|Jf(k,1)
}N
k=1
, where the
input Jl of a local operation depends only on the
output Ol−1 of the previous local operation, repre-
senting the deterministic joint quantum operation by
choosing appropriate noisy classical channels Q(J1) and
{Q(Jk|Ok−1)}2Nk=2. In the second step, we show that
the deterministic joint quantum operation given by
Eq. (4) can be represented by another pair of sets
of totally ordered local operations
{
C′(k)
Of(k,0)|Jf(k,0)
}N
k=1
and
{
D′(k)
Of(k,1) |Jf(k,1)
}N
k=1
, connected by perfect classical
channels. The local operations obtained in the second
step are not totally ordered alternately, however, the
standard form of LOCC given by Eq. (2) is derived by
slightly modifying the local operations.
Step 1: Construction of totally ordered local operations
connected by one-to-one noisy classical channels
Since there is always a total order that preserves the
structure of a given partial order on a finite set, we define
a map f satisfying
• f is a bijection from {1, · · · , N} × {0, 1} to
{1, · · · , 2N}.
• f(k, b) < f(k + 1, b) for all k and b.
• A(k)
ok|ik
≺ B(l)
o′
l
|i′
l
⇒ f(k, 0) < f(l, 1), and B(k)
o′
k
|i′
k
≺
A(l)
ol|il
⇒ f(k, 1) < f(l, 0) for all k and l.
By means of f , we define a set of classical inputs {Il}2Nl=1
and a set of outputs {Ol}2Nl=1 whose elements are given
by
If(k,0) = ik, If(k,1) = i
′
k, Of(k,0) = ok, and Of(k,1) = o
′
k
(A5)
for all k. We further define a conditional probability
distribution q(I1, · · · I2N |O1, · · ·O2N ) by
q(I1, · · · , I2N |O1, · · · , O2N ) :=
p(i1, · · · , iN , i′1, · · · i′N |o1, · · · , oN , o′1, · · · , o′N ), (A6)
where Il and Ol are related to ik, i
′
k, ok, and
o′k by Eq. (A5). Thus q(· · · | · · · ) is another
representation of p(· · · | · · · ) in terms of the newly
defined classical inputs and outputs {Il}2Nl=1 and
{Ol}2Nl=1. Using q(I1, · · · I2N |O1, · · ·O2N ), the condition
for p (i1, · · · , i′N |o1, · · · , o′N ) to satisfy causal order given
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by Eq. (A3) for all k and l is expressed by
q(I1, · · · , Ik|O1, · · · , O2N ) = q(I1, · · · , Ik|O1, · · · , Ok−1)
(A7)
for all k.
Next, we define sets of all possible values of Ik and Ok
denoted by Ik andOk, respectively, for k = 1, · · · 2N . We
represent variables whose variations are over
∏k
j=1 Ij ×∏k−1
j=1 Oj and
∏k
j=1 Ij ×
∏k
j=1Oj by Jk and Ok, respec-
tively. {Jk}2Nk=1 and {Ok}2Nk=1 are classical inputs and
outputs of new local operations, which will be introduced
latter. We define a function Q(Jk|Ok−1) representing a
classical channel linking between Jk and Ok−1 as
Q(Jk|Ok−1) := q(I1, · · · , Ik|O1, · · · , Ok−1)
q(I1, · · · , Ik−1|O1, · · · , Ok−2)
· δ (Jk[1, k − 1],Ok−1[1, k − 1])
· δ (Jk[k + 1, 2k − 1],Ok−1[k, 2k − 2]) ,
(2 ≤ k ≤ 2N) (A8)
Q(J1) :=q(I1), (A9)
where δ(x, y) is the Kronecker delta, Jk =
(I1, · · · Ik, O1, · · · , Ok−1) for 2 ≤ k ≤ 2N , J1 = I1,
and Jk[l,m] is a vector consisting of the partial entries
of Jk, from the l-th entry through the m-th entry for
l < m.
It is easy to check that Q(Jk|Ok−1) satisfies∑
J1,··· ,J2N
Q(J1) · δ(J1,O1[1])
2N∏
k=2
Q(Jk|Ok−1) · δ(Jk,Ok[1, 2k − 1])
=q(I
(2N)
1 , · · · I(2N)2N |O(2N)1 , · · · , O(2N)2N )·
2N∏
k=2
δ
(
(I
(k)
1 , · · · , I(k)k−1, O(k)1 , · · · , O(k)k−1),
(I
(k−1)
1 , · · · , I(k−1)k−1 , O(k−1)1 , · · · , O(k−1)k−1 )
)
, (A10)
where I
(k)
l and O
(k)
l are given by Ok =
(I
(k)
1 , · · · , I(k)k , O(k)1 , · · ·O(k)k ), and Ok[l] de-
notes the l-th entry of Ok. Eq. (A10)
indicates that Q(J1)
∏2N
k=2Q(Jk|Ok−1) and
q(I
(2N)
1 , · · · I(2N)2N |O(2N)1 , · · · , O(2N)2N ) represent the
same classical channel if Jk = Ok[1, k− 1], Ok[1, k− 1] =
Ok−1[1, k − 1], and Ok[k + 1, 2k] = Ok−1[k, 2k − 2] are
satisfied.
We define a local operation performed in Alice’s lab-
oratory for Jf(k,0) and Of(k,0) denoted by C(k)Of(k,0)|Jf(k,0)
as
C(k)
Of(k,0)|Jf(k,0)
:= δ
(
Jf(k,0),Of(k,0)[1, 2f(k, 0)− 1]
)
· A(k)
Of(k,0)[2f(k,0)]|Jf(k,0)[f(k,0)]
, (A11)
where O1[1, 1] := O1[1] for f(k, 0) = 1 and Jk[l] rep-
resents the l-th entry of Jk. Similarly, we define a lo-
cal operation performed in Bob’s laboratory denoted by
D(k)
Of(k,1)|Jf(k,1)
as
D(k)
Of(k,1)|Jf(k,1)
:=δ
(
Jf(k,1),Of(k,1)[1, 2f(k, 1)− 1]
)
· B(k)
Of(k,1)[2f(k,1)]|Jf(k,1)[f(k,1)]
.
(A12)
By linking classical outputs and inputs of local opera-
tions C(k)
Of(k,0)|Jf(k,0)
and D(k)
Of(k,1) |Jf(k,1)
satisfying the total
order introduced by the function f , we derive a represen-
tation of the deterministic joint quantum operation given
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by Eq. (4) as follows:
∑
J1,··· ,J2N
O1,··· ,O2N
Q(J1) ·
(
2N∏
k=2
Q(Jk|Ok−1)
)
C(N)
Of(N,0)|Jf(N,0)
◦ · · · ◦ C(1)
Of(1,0)|Jf(1,0)
⊗D(N)
Of(N,1)|Jf(N,1)
◦ · · · ◦ D(1)
Of(1,1)|Jf(1,1)
=
∑
J1,··· ,J2N
O1,··· ,O2N
Q(J1) · δ (J1|O1[1])
·
( 2N∏
k=2
Q(Jk|Ok−1) · δ (Jk,Ok[1, 2k − 1])
)
A(N)
Of(N,0)[2f(N,0)]|Jf(N,0)[f(N,0)]
◦ · · ·
· · · ◦ A(1)
Of(1,0)[2f(1,0)]|Jf(1,0)[f(1,0)]
⊗ B(N)
Of(N,1)[2f(N,1)]|Jf(N,1)[f(N,1)]
◦ · · ·
· · · ◦ B(1)
Of(1,1)[2f(1,1)]|Jf(1,1)[f(1,1)]
=
∑
O1,··· ,O2N
q(I
(2N)
1 , · · · I(2N)2N |O(2N)1 , · · · , O(2N)2N )·
2N∏
k=2
δ
(
(I
(k)
1 , · · · , I(k)k−1, O(k)1 , · · · , O(k)k−1),
(I
(k−1)
1 , · · · , I(k−1)k−1 , O(k−1)1 , · · · , O(k−1)k−1 )
)
A(N)
Of(N,0)[2f(N,0)]|Of(N,0)[f(N,0)]
◦ · · ·
· · · ◦ A(1)
Of(1,0)[2f(1,0)]|Of(1,0)[f(1,0)]
⊗ B(N)
Of(N,1)[2f(N,1)]|Of(N,1)[f(N,1)]
◦ · · ·
· · · ◦ B(1)
Of(1,1)[2f(1,1)]|Of(1,1)[f(1,1)]
=
∑
O2N
q(I
(2N)
1 , · · · I(2N)2N |O(2N)1 , · · · , O(2N)2N )·
A(N)
O2N [N+f(N,0)]|O2N [f(N,0)]
◦ · · ·
· · · ◦ A(1)1,O2N [N+f(1,0)]|O2N [f(1,0)]
⊗ B(N)
N,O2N [N+f(N,1)]|O2N [f(N,1)]
◦ · · ·
· · · ◦ B(1)
O2N [N+f(1,1)]|O2N [f(1,1)]
=
∑
i1,··· ,iN
i′1,··· ,i
′
N
o1,··· ,oN
o′1,··· ,o
′
N
p (i1, · · · , iN , i′1, · · · , i′N |o1, · · · , oN , o′1, · · · , o′N )
A(N)
oN |iN
◦ · · · ◦ A(1)
o1|i1
⊗ B(N)
o′
N
|i′
N
◦ · · · ◦ B(1)
o′1|i
′
1
,
(A13)
where we used Eqs. (A11) and (A12) in the first equality,
Eqs. (A8) and (A9) in the second equality, and Eq. (A6)
in the fourth equality. Note that in the first line of
Eq. (A13), classical input Jk of a local operation only
depends on classical output Ok−1 of the previous local
operation in Q(Jk|Ok−1).
Step 2: Modification of noisy classical channels into per-
fect classical channels
In this step, we define new local operations per-
formed in Alice’s and Bob’s laboratories denoted by
C′(k)
Of(k,0)|Of(k,0)−1
and D′(k)
Of(k,1)|Of(k,1)−1
, respectively, and
show that the first line of Eq. (A13) can be transformed
to the standard form of LOCC using these local opera-
tions. We define C′(k)
Of(k,0)|Of(k,0)−1
and D′(k)
Of(k,1)|Of(k,1)−1
as
C′(k)
Of(k,0)|Of(k,0)−1
:=
∑
Jf(k,0)
Q(Jf(k,0)|Of(k,0)−1)C(k)Of(k,0)|Jf(k,0) ,
D′(k)
Of(k,1)|Of(k,1)−1
:=
∑
Jf(k,1)
Q(Jf(k,1)|Of(k,1)−1)D(k)Of(k,1)|Jf(k,1) ,
(A14)
where we have used Q(J1|O0) := Q(J1). By means of
Eqs. (A8) and (A9), we obtain a relation∑
Of(k,0)
C′(k)
Of(k,0)|Of(k,0)−1
=
∑
If(k,0) ,Of(k,0)
q
(
I1, · · · , If(k,0)|O1, · · · , Of(k,0)−1
)
q
(
I1, · · · , If(k,0)−1|O1, · · · , Of(k,0)−2
)
A(k)
Of(k,0) |(If(k,0))
, (A15)
where If(N,0) and Of(N,0) are the f(N, 0)-th and
2f(N, 0)-th entries of Of(N,0), respectively, and
{Il}f(k,0)−1l=1 and {Ol}f(k,0)−1l=1 are given by Of(k,0)−1 =(
I1, · · · , If(k,0)−1|O1, · · · , Of(k,0)−1
)
. Eq. (A7) repre-
sents the property of q(I1, · · · , I2N |O1, · · · , O2N ) sat-
isfying causal order and Eq. (A15) guarantees that
{C′(k)
Of(k,0)|Of(k,0)−1
}Of(k,0) is indeed a quantum instrument
for all k. Similarly, {D′(k)
Of(k,1)|Of(k,1)−1
}Of(k,1) is also
shown to be a quantum instrument for all k.
Now the deterministic joint quantum operation given
in the form of Eq. (4) can be represented in terms
of quantum instruments {C′(k)
Of(k,0)|Of(k,0)−1
}Of(k,0) and
{D′(k)
Of(k,1)|Of(k,1)−1
}Of(k,1) as∑
i1,··· ,iN
i′1,··· ,i
′
N
o1,··· ,oN
o′1,··· ,o
′
N
p (i1, · · · , iN , i′1, · · · , i′N |o1, · · · , oN , o′1, · · · , o′N )
A(N)
oN |iN
◦ · · · ◦ A(1)
o1|i1
⊗ B(N)
o′
N
|i′
N
◦ · · · ◦ B(1)
o′1|i
′
1
,
=
∑
O1,··· ,O2N
C′(N)
Of(N,0)|Of(N,0)−1
◦ · · · ◦ C′(1)
Of(1,0)|Of(1,0)−1
⊗D′(N)
Of(N,1)|Of(N,1)−1
◦ · · · ◦ D′(1)
Of(1,1) |Of(1,1)−1
.
(A16)
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by using Eq. (A14). The right hand side of Eq. (A16)
is almost in the standard form of LOCC. The only
case of Eq. (A16) not fitting in LOCC is that where
Alice (Bob) performs two local operations successively.
This case is absorbed in LOCC in the following man-
ner. Suppose Alice successively performs two local op-
erations C′(k−1)
Of(k−1,0)|Of(k−1,0)−1
and C′(k)
Of(k,0)|Of(k,0)−1
where
f(k, 0) = f(k − 1, 0) + 1. Since


∑
Of(k−1,0)
C′(k)
Of(k,0)|Of(k,0)−1
◦ C′(k−1)
Of(k−1,0)|Of(k−1,0)−1


Of(k,0)
is a quantum instrument representing a local operation
performed in Alice’s laboratory, we regard these succes-
sive local operations as a single local operation performed
in Alice’s laboratory. Similarly, we combine successive lo-
cal operations performed in Bob’s laboratory into a sin-
gle local operation. By repeating this procedure, we can
rewrite Eq. (A16) in the standard form of LOCC, where a
sequence of local operations is performed alternatively in
Alice’s and Bob’s laboratories. Hence, we can conclude
that Eq. (A16) reduces to a standard decomposition of
LOCC given in the form of Eq. (2). Therefore, the “if”
part of the proposition is proven.
Appendix B: Analysis of LOCC** in terms of the
CJ representation
In this appendix, we analyze LOCC**, a set of deter-
ministic joint quantum operations where local operations
are linked by a classical process matrix. Since the pro-
cess matrix is formulated by using the Choi-Jamio lkowski
(CJ) representation of quantum operations, we first re-
view CJ representations and classical process matrix,
next give the formal definition of LOCC**, and then
show that LOCC** can be reduced to a probabilistic mix-
ture of one-way LOCC in a bipartite setting.
1. The Choi-Jamio lkowski representation
The Choi-Jamio lkowski (CJ) representation is a way to
represent general quantum operations given by quantum
instruments as linear operators on a composite Hilbert
space of an input Hilbert space and an output Hilbert
space. We denote a CJ representation of a quantum oper-
ation described by a mapM by a linear operatorM . The
Hilbert spaces of a quantum input system and a quan-
tum output system are denoted by Hin and Hout, respec-
tively. L(H) denotes the space of linear operators over a
Hilbert space H. For a map representing an element of
a quantum instrument Mo|i : L(Hin)→ L(Hout), where
i is an index of the classical input and o is an index
of the classical output, the corresponding CJ operator
Mo|i ∈ L(Hin ⊗Hout) is given by
Mo|i =
∑
k,l
|k〉〈l| ⊗Mo|i(|k〉〈l|), (B1)
where {|k〉} is the (fixed) computational basis on Hin.
The state of a quantum output for a quantum input ρin
given by a linear map Mo|i is obtained by using the CJ
operator Mo|i as
Mo|i(ρin) = trin[Mo|i(ρTin ⊗ Iout)] (B2)
where Iout is the identity operator onHout, and ρTin is the
transposition of ρin with respect to the computational
basis. Note that the output state does not depend on
the choice of the computational basis. Mo|i is completely
positive (CP) if and only ifMo|i is a positive semidefinite
operator.
∑
oMo|i is trace preserving (TP) if and only
if trout[
∑
oMo|i] = Iin.
Classical process matrix
A process matrix [8] represents a higher order map
transforming quantum operations to another quantum
operation. We denote the set of all positive semi-definite
operators on a Hilbert space H as Pos(H) and the set of
all CJ operators on HI ⊗ HO representing CPTP maps
from HI to HO as CPTP (HI : HO) := {Q ∈ Pos(HI ⊗
HO)|trOQ = II}.
To be consistent with quantum mechanics, it has been
proven in [8] that a process matrix linking two local op-
erations represented by the CJ operatorsMA ∈ L(HIA ⊗
HOA) and MB ∈ L(HIB ⊗HOB ) as inputs, is a positive
semi-definite operator W ∈ Pos(HIA ⊗ HOA ⊗ HIB ⊗
HOB ) and that satisfies
tr
[
W (MTA ⊗MTB )
]
= 1, (B3)
for all MA ∈ CPTP (HIA : HOA) and MB ∈
CPTP (HIB : HOB ), where QT represents the transposi-
tion of Q with respect to the computational basis used
in defining the CJ representation.
A deterministic joint quantum operationM : L(HX ⊗
MY )→ L(HA⊗HB) can be regarded as being obtained
by transforming two local operationsA : L(HIA⊗HX)→
L(HOA ⊗ HA) and B : L(HIB ⊗ HY ) → L(HOB ⊗ HB)
by a process matrix W ∈ Pos(HIA ⊗HOA⊗HIB ⊗HOB )
linking the Hilbert spacesHIA , HOA , HIB andHOB . The
CJ operatorM ∈ L(HX⊗HY ⊗HA⊗HB) ofM obtained
by transforming the CJ operators of local operations A ∈
L(HIA ⊗ HX ⊗ HOA ⊗ HA) and B ∈ L(HIB ⊗ HY ⊗
HOB ⊗ HB) corresponding to A and B, respectively, by
W satisfying Eq. (B3) is represented by
M = trIA,OA,IB ,OB
[
W (ATIA,OA ⊗BTIB,OB )], (B4)
where QTIX,OX is the partial transposition of Q, taking
the transposition only in terms of HIX and HOX .
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Quantum communication from Alice to Bob or Bob to
Alice can be described by W if W is equivalent to the
CJ operator representing a quantum channel linking two
causally ordered local operations performed by different
parties. Moreover, process matrices can represent “quan-
tum communication” without causal order, which is not
implementable when the partial order of local operations
is fixed but is not ruled out in the framework of quan-
tum mechanics [8]. The restriction for process matrices
given by Eq. (B3) can be interpreted to represent a new
kind of causality required for linking local operations in
quantum mechanics.
We consider a special class of process matrix where Al-
ice and Bob can communicate only by “classical” states.
In this case, the states on the local input and output
Hilbert spaces of W , HIA , HOA , HIB and HOB , are re-
stricted and are diagonal with respect to the computa-
tional basis. In such a case, the process matrix W is
called a classical process matrix, representing classical
communication between the parties, and can be described
by a conditional probability distribution p(iA, iB|oA, oB)
satisfying
∑
iA,iB ,oA,oB
p(iA, iB|oA, oB)AoA|iA ⊗BoB |iB
∈ CPTP (HX ⊗HY : HA ⊗HB) (B5)
for all quantum instruments {AoA|iA}oA and {BoB|iB}oB ,
where {AoA|iA ∈ Pos(HX ⊗ HA)}oA and {BoB|iB ∈
Pos(HY ⊗HB)}oB satisfying
∑
oA
trA[AoA|iA ] = IX and∑
oB
trB[BoB |iB ] = IY . The proof is given as follows.
Proof. By denoting the computational basis of HX as
{|x〉X}, local operations MA ∈ CPTP (HIA : HOA),
MB ∈ CPTP (HIB : HOB ), and a classical process
matrix described by a diagonal process matrix W ∈
Pos(HIA ⊗HOA ⊗HIB ⊗HOB ) can be decomposed into
MA =
∑
iA,oA
pA(oA|iA)|iA, oA〉〈iA, oA|IA,OA , (B6)
MB =
∑
iB ,oB
pB(oB |iB)|iB, oB〉〈iB, oB|IB ,OB , (B7)
W =
∑
iA,oA
iB ,oB
w(iA, iB, oA, oB)
|iA, iB, oA, oB〉〈iA, iB, oA, oB|IA,IB ,OA,OB ,
(B8)
where w(iA, iB, oA, oB) represents a diagonal element of
W , and pA(oA|iA) and pB(oB |iB) are conditional proba-
bility distributions since MA and MB are CPTP maps.
In the following, we show that classical process matri-
ces correspond to conditional probability distributions,
namely, w(iA, iB, oA, oB) must be a conditional proba-
bility distribution so that Eq. (B3) holds. The non-
negativity of W implies w(iA, iB, oA, oB) ≥ 0 and the
condition given by Eq. (B3) is equivalent to
∑
iA,iB ,oA,oB
w(iA, iB, oA, oB)pA(oA|iA)pB(oB|iB) = 1
(B9)
for all conditional probability distributions pA(oA|iA)
and pB(oB |iB). By choosing pA(oA|iA) = δoA,a and
pB(oB|iB) = δoB ,b, we obtain
∑
iA,iB
w(iA, iB, a, b) = 1
for arbitrary a and b. Thus w(iA, iB, oA, oB) can be rep-
resented by a conditional probability distribution condi-
tioned by oA and oB , and we define
p(iA, iB|oA, oB) := w(iA, iB, oA, oB). (B10)
To satisfy (B3), p(iA, iB|oA, oB) satisfies∑
iA,iB ,oA,oB
p(iA, iB|oA, oB)pA(oA|iA)pB(oB|iB) = 1
(B11)
for all conditional probability distributions pA(oA|iA)
and pB(oB |iB). The condition given by Eq. (B11) is
equivalent to that given by Eq. (B5) if p(iA, iB|oA, oB)
is a conditional probability distribution. This can be
shown as follows. By letting dim(HX) = dim(HY ) =
dim(HA) = dim(HB) = 1, AoA|iA = p(oA|iA) and
BoB |iB = p(oB |iB), it is easy to confirm that Eq. (B11)
holds if Eq. (B5) holds. To show the converse, we first
check that a map decomposable in the form of Eq. (B5)
is completely positive. This is also easily checked since
every term in the summation is non-negative. Then we
show that a map decomposable in the form of Eq. (B5) is
trace preserving when Eq. (B11) holds in the following.
For any operator σ ∈ L(HX ⊗HY ),
trA,B
[
trX,Y
[∑
iA,iB
oA,oB
p(iA, iB|oA, oB)
(AoA|iA ⊗BoB |iB )σT
]]
(B12)
=
∑
k,l λk,l
∑
iA,iB
oA,oB
p(iA, iB|oA, oB)
trA,X
[
AoA|iAρ
T
k
]
trB,Y
[
BoB |iBρ
T
l
]
(B13)
=
∑
k,l λk,l = tr[σ], (B14)
where σ is decomposed as σ =
∑
k.l λk,lρk ⊗ ρl by using
density operators {ρk}k as a basis of the linear space of
the operator. Note that trA,X
[
AoA|iAρ
T
k
]
is a conditional
probability distribution conditioned by iA since it sat-
isfies
∑
oA
trA,X
[
AoA|iAρ
T
k
]
= trA,X
[∑
oA
AoA|iAρ
T
k
]
=
trX
[
ρTk
]
= 1.
Formal definition of LOCC**
Next, we define a set of deterministic joint quantum
operations consisting of local operations linked by a clas-
sical process matrix, denoted by LOCC**. Local op-
erations A ∈ CPTP (HIA ⊗ HX : HOA ⊗ HA) and
B ∈ CPTP (HIB⊗HY : HOB⊗HB) linked by a diagonal
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process matrixW ∈ Pos(HIA⊗HIB⊗HOA⊗HOB ) given
in the form of Eq. (B8) can be decomposed into
A =
∑
iA,oA
AoA|iA ⊗ |iA, oA〉〈iA, oA|IA,OA , (B15)
B =
∑
iB ,oB
BoB |iB ⊗ |iB, oB〉〈iB, oB|IB ,OB , (B16)
where {AoA|iA ∈ Pos(HX ⊗ HA)}oA and {BoB|iB ∈
Pos(HY ⊗HB)}oB are the CJ operators of quantum in-
struments since A and B are CPTP maps. By straight-
forward calculation, the CJ operator of a deterministic
joint quantum operation is written as
M = trIA,OA,IB ,OB
[
W (ATIA,OA ⊗BTIB,OB )](B17)
=
∑
iA,iB
oA,oB
p(iA, iB|oA, oB)AoA|iA ⊗BoB |iB , (B18)
which shows the equivalence of the representations of M
given by Eq. (5) and Eq. (B4) when the process matrix
is diagonal/classical.
LOCC** is defined by a set of deterministic joint quan-
tum operations whose CJ operators can be represented
by Eq. (B18), or in the form of
M =
∑
iA,iB ,oA,oB
p(iA, iB|oA, oB)AoA|iA ⊗ BoB|iB , (B19)
where p(iA, iB|oA, oB) satisfies Eq. (B5). By definition,
LOCC* is a larger set than LOCC** since the condition
for p(iA, iB|oA, oB) given by Eq. (B5) should be satisfied
for all local operations in LOCC** while it should be
satisfied only for some local operations in LOCC*.
Equivalence of LOCC** and one-way LOCC
In the following proposition, we prove that LOCC**
is equivalent to a probability mixture of one-way LOCC
in a bipartite setting. Thus, CC* used in implementing
a deterministic joint quantum operation in LOCC* but
not in LOCC cannot be represented by a classical process
matrix.
Proposition 2. LOCC** is equivalent to a probability
mixture of one-way LOCC in a bipartite setting.
Proof. In [8], it is shown that any classical process matrix
is causally separable, i.e. the CJ operator of a classical
process matrix W can be decomposed into the form
W = qWA→B + (1− q)WB→A, (B20)
where q ∈ [0, 1],WA→B ∈ Pos(HIA⊗HOA⊗HIB⊗HOB )
is diagonal with respect to the computational basis and
satisfies the conditions given by
WA→B = IOB ⊗WIA,OA,IB ,
trIB [WIA,OA,IB ] = IOA ⊗ ρIA ,
trIA [ρIA ] = 1, (B21)
and similar conditions are satisfied by WB→A ∈
Pos(HIA ⊗HOA ⊗HIB ⊗HOB ).
In [9], it is proven that an operator WA→B satisfying
the conditions given by Eq. (B21) but not necessarily
being diagonal in the computational basis corresponds
to a special type of process matrix called quantum comb
where Alice’s operation and Bob’s operation are linked
by quantum communication from Alice to Bob. Thus a
causally separable process can be interpreted as a prob-
abilistic mixture of quantum communication from Alice
to Bob and from Bob to Alice. When a causally sep-
arable process is classical (diagonal with respect to the
computational basis), the process can be interpreted as
a probabilistic mixture of classical communication from
Alice to Bob and from Bob to Alice.
Let us denote the diagonal elements of WA→B and
WB→A with respect to the computational basis by
pA→B(iA, iB|oA, oB) and pB→A(iA, iB|oA, oB), respec-
tively. It is easy to verify that pA→B(iA, iB|oA, oB) and
pB→A(iA, iB|oA, oB) are conditional probability distribu-
tions since WA→B and WB→A correspond to classical
process matrices.
Then p(iA, iB|oA, oB) satisfying Eq. (B5)
can be decomposed into p(iA, iB|oA, oB) =
qpA→B(iA, iB|oA, oB) + (1 − q)pB→A(iA, iB|oA, oB).
Eq. (B21) implies that pA→B(iA, iB|oA, oB) does
not depend on oB. We define pA→B(iA, iB|oA) :=
pA→B(iA, iB|oA, oB). The operator WIA,OA,IB in
Eq. (B21) is given by
WIA,OA,IB =
∑
iA,iB ,oA
pA→B(iA, iB|oA)
|iA, oA, iB〉〈iA, oA, iB|IA,OA,IB . (B22)
Due to Eq. (B21),
∑
iB
pA→B(iA, iB|oA) does not depend
on oA. We define pA→B(iA) :=
∑
iB
pA→B(iA, iB|oA).
We further define a set X = {x|pA→B(x) 6= 0} and
p′A→B(iB|oA, iA) :=
pA→B(iA, iB|oA)
pA→B(iA)
(iA ∈ X)
p′A→B(iB|oA, iA) := p′A→B(iB) (iA /∈ X), (B23)
where p′A→B(y) is an arbitrary probability distribution.
Note that p′A→B(iB|oA, iA) satisfies all the properties re-
quired for a conditional probability distribution. Thus,
we have
pA→B(iA, iB|oA, oB) = pA→B(iA)p′A→B(iB|oA, iA),
(B24)
and similarly,
pB→A(iA, iB|oA, oB) = pB→A(iB)p′B→A(iA|oB , iB).
(B25)
Combining these results, a deterministic joint quantum
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operation M in LOCC** is given by
M = q
∑
iA,iB
oA,oB
pA→B(iA, iB|oA, oB)AoA|iA ⊗ BoB |iB
+(1− q)
∑
iA,iB
oA,oB
pB→A(iA, iB|oA, oB)AoA|iA ⊗ BoB|iB .
(B26)
Since the first term can be represented by q
∑
mAm⊗B|m
where
m := (iA, oA),
AiA,oA := pA→B(iA)AoA|iA ,
B|iA,oA :=
∑
iB ,oB
p′A→B(iB|oA, iA)BoB |iB , (B27)
it represents an operation in one-way LOCC. The deter-
ministic joint quantum operation M in LOCC** is con-
cluded to be a probability mixture of one-way LOCC.
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